
Mathematics is the indispensable instrument of
all physical research.– BERTHELOT 

2.1  Hkwfedk (Introduction)
xf.kr dk vf/dka'k Hkkx iSVuZ vFkkZr~ ifjorZu'khy jkf'k;ksa osQ chp
vfHkKs; (igpku ;ksX;)dfM+;ksa dks Kkr djus ds ckjs esa gSA gekjs
nSfud thou esa] ge laca/ksa dks fpf=kr djus okys vusd iSVuks± osQ
ckjs esa tkurs gaS] tSls HkkbZ vkSj cgu] firk vkSj iq=k] vè;kid vkSj
fo|kFkhZ bR;kfnA xf.kr esa Hkh gesa cgqr ls laca/ feyrs gSa tSls
^la[;k m, la[;k n,  ls NksVh gS*] ^js[kk l, js[kk m, osQ lekarj gS*]
^leqPp; A,  leqPp; B dk mileqPp; gS*A bu lHkh esa ge ns[krs
gSa fd fdlh laca/ ea ,sls ;qXe lfEefyr gksrs gSa ftuosQ ?kVd ,d
fuf'pr Øe esa gksrs gSaA bl vè;k; esa ge lh[ksaxs fd fdl izdkj
nks leqPp;ksa osQ lnL;ksa osQ ;qXe cuk, tk ldrs gSa vkSj fiQj mu
;qXeksa esa vkus okys nksuksa lnL;ksa osQ chp cuus okys laca/ksa dks lqLi"V
djsaxsA var esa] ge ,sls fo'ks"k laca/ksa osQ ckjs esa tkusaxs] tks iQyu cuus
osQ ;ksX; gSaA iQyu dh ifjdYiuk xf.kr esa vR;ar egÙoiw.kZ gS D;ksafd ;g ,d oLrq ls nwljh oLrq
osQ chp xf.krkuqlkj ;FkkrF; laxrrk osQ fopkj dk vfHkxzg.k djrh gSA

2.2  leqPp;ksa dk dkrhZ; xq.ku (Cartesian Product of Sets)
eku yhft, fd A, nks izdkj osQ jaxksa dk vkSj B, rhu oLrqvksa dk leqPp; gS] vFkkZr~

A = {yky] uhyk}vkSj B = {b, c, s},
tgk¡ b, c vkSj s Øe'k% fdlh fo'ks"k cSx] dksV vkSj deht dks fu:fir

djrs gSaA bu nksuksa leqPp;ksa ls fdrus izdkj dh jaxhu oLrqvksa osQ ;qXe cuk, tk
ldrs gSa\ Øec¼ rjhosQ ls izxfr djrs gq, ge ns[krs gSa fd fuEufyf[kr 6
fHkUu&fHkUu ;qXe izkIr gksrs gSaA (yky, b), (yky, c), (yky, s), (uhyk, b), (uhyk, c),
(uhyk, s)A bl izdkj gesa 6 fHkUu&fHkUu oLrq,¡ izkIr gksrh gSa (vko`Qfr 2-1)A

vè;k; 2

laca/ ,oa iQyu
(Relations and Functions)

G.W.Leibnitz
(1646-1716 A.D.)

vko`Qfr 2.1

© N
CERT

no
t to

 be
 re

pu
bli

sh
ed



36 xf.kr

fiNyh d{kkvksa ls Lej.k dhft, fd] ,d Øfer ;qXe] vo;oksa dk og ;qXe gS] ftls oØ dks"Bd
esa fy[krs gSa vkSj ftudks ,d nwljs ls fdlh fo'ks"k Øe esa lewfgr fd;k tkrk gS vFkkZr~ (p,q),
p ∈ P vkSj  q ∈ QA bls fuEufyf[kr ifjHkk"kk ls Li"V fd;k tk ldrk gSA

ifjHkk"kk 1  nks vfjDr leqPp;ksa P rFkk Q dk dkrhZ; xq.ku P × Q mu lHkh Øfer ;qXeksa dk
leqPp; gS] ftudks izFke ?kVd P ls rFkk f}rh; ?kVd Q, ls ysdj cuk;k tk ldrk gSA vr%

P × Q = { (p,q) : p  ∈ P, q  ∈ Q }
;fn P ;k Q esa ls dksbZ Hkh fjDr leqPp; gS] rks mudk dkrhZ; xq.ku Hkh fjDr leqPp; gksrk gS]
vFkkZr~ P × Q = φ

mijksDr n`"Vkar ls ge tkurs gSa fd
A × B = {(yky,b), (yky,c), (yky,s), (uhyk,b), (uhyk,c), (uhyk,s)}A
iqu% fuEufyf[kr nks leqPp;ksa ij fopkj dhft,A

A = {DL, MP, KA}, tgk¡ DL, MP, KA fnYyh] eè; izns'k] rFkk
dukZVd dks fu:fir djrs gSa vkSj B = {01,02, 03}Øe'k% fnYyh] eè;
izns'k vkSj dukZVd }kjk xkfM+;ksa osQ fy, tkjh ykblsal IysV dh lkaosQfrd
la[;k,¡ izdV djrs gSaA

;fn rhu jkT; fnYyh] eè; izns'k vkSj dukZVd] xkfM+;ksa osQ
ykblsal IysV osQ fy, laosQr i¼fr (laosQfrdh) bl izfrca/ osQ lkFk cuk
jgs gksa fd laosQr i¼fr] leqPp; A osQ vo;o ls izkjaHk gks] rks bu leqPp;ksa ls izkIr gksus okys ;qXe
dkSu ls gSa rFkk bu ;qXeksa dh oqQy la[;k fdruh gS (vko`Qfr 2-2)\

izkIr gksus okys ;qXe bl izdkj gSa] (DL,01), (DL,02), (DL,03), (MP,01), (MP,02),
(MP,03), (KA,01), (KA,02), (KA,03) vkSj leqPp; A rFkk leqPp; B dk dkrhZ; xq.ku bl
izdkj gksxk]

A × B = {(DL,01), (DL,02), (DL,03), (MP,01), (MP,02), (MP,03), (KA,01), (KA,02),
     (KA,03)}.

;g ljyrk ls ns[kk tk ldrk gS fd dkrhZ; xq.ku esa bl izdkj 9 ;qXe gSa
D;ksafd leqPp; A vkSj B esa ls izR;sd esa 3 vo;o gSaA blls gesa 9 laHko laosQr
i¼fr;k¡ feyrh gSaA ;g Hkh uksV dhft, fd bu vo;oksa osQ ;qXe cukus dk Øe
egÙoiw.kZ (fu.kkZ;d) gSA mnkgj.k osQ fy, lkaosQfrd la[;k (DL, 01) ogh ugha
gS tks lkaosQfrd la[;k (01, DL) gSA

var esa Li"Vhdj.k osQ fy, leqPp; A= {a1, a2} vkSj
B = {b1, b2, b3, b4} ij fopkj dhft, (vko`Qfr 2-3)A ;gk¡

A × B = {( a1, b1), (a1, b2), (a1, b3), (a1, b4), (a2, b1), (a2, b2), (a2, b3), (a2, b4)}.

vko`Qfr 2.2
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laca/ ,oa iQyu         37

;fn A vkSj B] okLrfod la[;kvksa osQ leqPp; osQ mileqPp; gksa] rks bl izdkj izkIr 8 Øfer
;qXe fdlh lery osQ fcanqvksa dh fLFkfr fu:fir djrs gSa rFkk ;g Li"V gS fd (a1, b2) ij fLFkr
fcanq] (b2, a1) ij fLFkr fcanq ls fHkUu gSaA

$ fVIi.kh
(i) nks Øfer ;qXe leku gksrs gSa] ;fn vkSj osQoy ;fn muosQ laxr izFke ?kVd leku

gksa vkSj laxr f}rh; ?kVd Hkh leku gksaA
(ii) ;fn A esa  p vo;o rFkk B esa q vo;o gSa] rks A × B esa pq vo;o gksrs gSa vFkkZr~

;fn n(A) = p rFkk n(B) = q,  rks n(A × B) = pq.
(iii) ;fn A rFkk B vfjDr leqPp; gSa vkSj A ;k B esa ls dksbZ vifjfer gS] rks

A × B Hkh vifjfer leqPp; gksrk gSA

(iv) A × A × A = {(a, b, c) : a, b, c ∈ A}. ;gk¡  (a, b, c) ,d Øfer f=kd

dgykrk gSA

mnkgj.k 1  ;fn (x + 1, y – 2) = (3,1), rks x vkSj y osQ eku Kkr dhft,A

gy D;ksafd Øfer ;qXe leku gS] blfy, laxr ?kVd Hkh leku gksaxsA
vr% x + 1 = 3  vkSj  y – 2 = 1.
ljy djus ij x = 2 vkSj y = 3.

mnkgj.k 2 ;fn  P = {a, b, c} vkSj Q = {r}, rks P × Q rFkk Q × P Kkr dhft,A D;k nksuksa dkrhZ;
xq.ku leku gSa\

gy  dkrhZ; xq.ku dh ifjHkk"kk ls
P × Q =  {(a, r), (b, r), (c, r)} vkSj Q × P =  {(r, a), (r, b), (r, c)}

D;ksafd] Øfer ;qXeksa dh lekurk dh ifjHkk"kk ls] ;qXe (a, r) ;qXe (r, a), osQ leku ugha gS vkSj
;g ckr dkrhZ; xq.ku osQ izR;sd ;qXe osQ fy, ykxw gksrh gS] ftlls ge fu"d"kZ fudkyrs gSa fd

P × Q ≠ Q × P.

rFkkfi] izR;sd leqPp; esa vo;oksa dh la[;k leku gSA

mnkgj.k 3 eku yhft, fd A = {1,2,3}, B = {3,4} vkSj C = {4,5,6}. fuEufyf[kr Kkr dhft,%
(i) A × (B ∩ C) (ii) (A × B) ∩ (A × C)
(iii) A × (B ∪ C) (iv) (A × B) ∪ (A × C)

gy  (i) nks leqPp;ksa osQ loZfu"B dh ifjHkk"kk ls (B ∩ C) = {4}.
vr% A × (B ∩ C) = {(1,4), (2,4), (3,4)}.

(ii) vc  (A × B) = {(1,3), (1,4), (2,3), (2,4), (3,3), (3,4)}
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38 xf.kr

vkSj   (A × C) = {(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)}
blfy,   (A × B) ∩ (A × C)  = {(1, 4), (2, 4), (3, 4)}.

(iii) D;ksafd (B ∪ C) = {3, 4, 5, 6}
vr% A × (B ∪ C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,3),

(3,4), (3,5), (3,6)}.

(iv) Hkkx (ii) ls A × B rFkk A × C leqPp;ksa osQ iz;ksx ls gesa fuEufyf[kr izkIr gksrk gS%
(A × B) ∪ (A × C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6),
(3,3), (3,4), (3,5), (3,6)}.

mnkgj.k 4  ;fn P = {1, 2},  rks leqPp; P × P × P Kkr dhft,A

gy  P × P × P =  {(1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2), (2,2,1), (2,2,2)}.

mnkgj.k 5  ;fn R leLr okLrfod la[;kvksa dk leqPp; gS] rks dkrhZ; xq.ku R × R  vkSj

R × R × R D;k fu:fir djrs gaS?

gy dkrhZ; xq.ku R × R leqPp; R × R={(x, y) : x, y ∈ R}
dks fu:fir djrk gS] ftldk iz;ksx f}foe lef"V osQ fcanqvksa osQ funsZ'kkadksa dks izdV djus osQ fy,
fd;k tkrk gSA R × R × R leqPp; R × R × R ={(x, y, z) : x, y, z ∈ R}
dks fu:fir djrk gS] ftldk iz;ksx f=kfoeh; vkdk'k osQ fcanqvksa osQ funsZ'kkadksa dks izdV djus osQ
fy, fd;k tkrk gSA

mnkgj.k 6 ;fn  A × B ={(p, q),(p, r), (m, q), (m, r)}, rks A vkSj B dks Kkr dhft,A

gy A = izFke ?kVdksa dk leqPp;  = {p, m}
B = f}rh; ?kVdksa dk leqPp; = {q, r}.

iz'ukoyh 2-1

1. ;fn  
2 5 11

3 3 3 3
x ,y – ,⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
, rks x rFkk  y Kkr dhft,A

2. ;fn leqPp;  A esa 3 vo;o gSa rFkk leqPp; B = {3, 4, 5}, rks (A×B) esa vo;oksa dh
la[;k Kkr dhft,A

3. ;fn  G = {7, 8} vkSj  H = {5, 4, 2}, rks G × H vkSj  H × G Kkr dhft,A
4. crykb, fd fuEufyf[kr dFkuksa esa ls izR;sd lR; gS vFkok vlR; gSA ;fn dFku vlR;

gS] rks fn, x, dFku dks lgh cuk dj fyf[k,A

(i) ;fn P = {m, n} vkSj Q = { n, m}, rks  P × Q = {(m, n),(n, m)}.
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laca/ ,oa iQyu         39

(ii) ;fn  A vkSj B vfjDr leqPp; gSa] rks  A × B Øfer ;qXeksa  (x, y) dk ,d vfjDr

leqPp; gS] bl izdkj fd x ∈ A rFkk  y ∈ B.
(iii) ;fn  A = {1, 2}, B = {3, 4}, rks A × (B ∩ φ) = φ.

5. ;fn  A = {–1, 1}, rks A × A × A Kkr dhft,A
6. ;fn  A × B = {(a, x),(a , y), (b, x), (b, y)} rks A rFkk B Kkr dhft,A
7. eku yhft, fd  A = {1, 2}, B = {1, 2, 3, 4}, C = {5, 6} rFkk  D = {5, 6, 7, 8}. lR;kfir

dhft, fd

(i) A × (B ∩ C) = (A × B) ∩ (A × C).  (ii) A × C, B × D dk ,d mileqPp; gSA
8. eku yhft, fd  A = {1, 2} vkSj  B = {3, 4}.  A × B fyf[k,A  A × B osQ fdrus

mileqPp; gksaxs\ mudh lwph cukb,A
9. eku yhft, fd A vkSj B nks leqPp; gSa] tgk¡ n(A) = 3 vkSj n(B) = 2.  ;fn (x, 1),

 (y, 2), (z, 1), A × B esa gSa] rks A vkSj B, dks Kkr dhft,] tgk¡ x, y vkSj z fHkUu&fHkUu
vo;o gSaA

10. dkrhZ; xq.ku A × A esa 9 vo;o gSa] ftuesa (–1,0) rFkk (0,1) Hkh gSA leqPp; A Kkr dhft,
rFkk A × A osQ 'ks"k vo;o Hkh Kkr dhft,A

2.3  laca/ (Relation)
nks leqPp;ksa P = {a,b,c} rFkk Q = {Ali,
Bhanu, Binoy, Chandra, Divya} ij fopkj
dhft,A P rFkk Q osQ dkrhZ; xq.ku esa 15
Øfer ;qXe gSa] ftUgsa bl izdkj lwphc¼
fd;k tk ldrk gS]
P × Q = {(a, Ali), (a,Bhanu), (a, Binoy),
..., (c, Divya)}.

vc ge izR;sd Øfer ;qXe (x, y) osQ izFke ?kVd x rFkk f}rh; ?kVd y osQ chp ,d laca/
R LFkkfir dj P × Q dk ,d mileqPp; bl izdkj izkIr dj ldrs gSaA

R = { (x,y): x, uke y dk izFke v{kj gS, x ∈ P, y ∈ Q} bl izdkj
R = {(a, Ali), (b, Bhanu), (b, Binoy), (c, Chandra)}

laca/ R dk ,d n`f"V&fp=k.k] ftls rhj vkjs[k dgrs gSa] vkd`fr 2-4 esa iznf'kZr gSA

ifjHkk"kk 2  fdlh vfjDr leqPp; A ls vfjDr leqPp; B esa laca/ dkrhZ; xq.ku
A × B dk ,d mileqPp; gksrk gS ;g mileqPp; A × B osQ Øefr ;qXeksa osQ izFke rFkk f}rh;
?kVdksa osQ eè; ,d laca/ LFkkfir djus ls izkIr gksrk gSA f}rh; ?kVd] izFke ?kVd dk izfrfcac
dgykrk gSA

vko`Qfr 2.4
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40 xf.kr

ifjHkk"kk 3  leqPp; A ls leqPp; B esa laca/ R osQ Øfer ;qXeksa osQ lHkh izFke ?kVdksa osQ leqPp;
dks laca/ R dk izkar dgrs gSaA

ifjHkk"kk 4 leqPp; A ls leqPp; B esa laca/ R osQ Øfer ;qXeksa osQ lHkh f}rh; ?kVdksa osQ leqPp;
dks laca/ R dk ifjlj dgrs gSaA leqPp; B laca/ R  dk lg&izkar dgykrk gSA uksV dhft, fd]
ifjlj ⊆ lgizkar

$ fVIi.kh (i) ,d laca/ dk chth; fu:i.k ;k rks jksLVj fof/ ;k leqPp; fuekZ.k fof/
}kjk fd;k tk ldrk gSA

(ii),d rhj vkjs[k fdlh laca/ dk ,d n`f"V fp=k.k gSA

mnkgj.k 7 eku yhft, fd A = {1, 2, 3, 4, 5, 6}.  R = {(x, y) : y =  x + 1 }  }kjk A  ls A
esa ,d laca/ ifjHkkf"kr dhft,A

(i)  bl laca/ dks ,d rhj vkjs[k }kjk n'kkZb,A
(ii)  R osQ izkar] lgizkar rFkk ifjlj fyf[k,A

gy (i) ifjHkk"kk }kjk
R = {(1,2), (2,3), (3,4), (4,5), (5,6)}.

 laxr rhj vkjs[k vko`Qfr 2-5 esa iznf'kZr gSA
(ii) ge ns[k ldrs gSa fd izFke ?kVdksa

dk leqPp; vFkkZr~ izkar={1, 2, 3, 4, 5,} blh
izdkj] f}rh; ?kVdksa dk leqPp; vFkkZr~ ifjlj
= {2, 3, 4, 5, 6}rFkk lgizkar = {1, 2, 3, 4, 5, 6}.

mnkgj.k 8  uhps vko`Qfr 2-6 esa leqPp; P vkSj Q osQ chp ,d laca/ n'kkZ;k x;k gSA bl laca/
dks (i) leqPp; fuekZ.k :i esa (ii) jksLVj :i esa fyf[k,A blosQ izkar rFkk ifjlj D;k gSa\

gy  Li"Vr% laca/ R, “x, y dk oxZ gS”
(i) leqPp; fuekZ.k :i esa, R = {(x, y): x,  y  dk oxZ gS] x ∈ P, y ∈ Q}
(ii) jksLVj :i esa, R = {(9, 3), (9, –3),

(4, 2), (4, –2), (25, 5), (25, –5)}

bl laca/ dk izkar  {4, 9, 25} gSA
bl laca/ dk ifjlj {– 2, 2, –3, 3, –5, 5}.
uksV dhft, fd vo;o 1, P osQ fdlh Hkh vo;o
ls lacaf/r ugha gS rFkk leqPp; Q bl laca/ dk
lgizkar gSA

vko`Qfr 2.5

vko`Qfr 2.6
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laca/ ,oa iQyu         41

$fVIi.kh     fdlh leqPp; A ls leqPp; B esa laca/ksa dh dqy la[;k] A × B osQ laHko
mileqPp;ksa dh la[;k osQ cjkcj gksrh gSA ;fn n(A ) =  p vkSj  n(B) = q, rks  n(A × B) =
pq vkSj laca/ksa dh oqQy la[;k 2pq gksrh gSA

mnkgj.k 9  eku yhft, fd A = {1, 2} vkSj B = {3, 4}. A ls B esa laca/ksa dh la[;k Kkr dhft,A

gy   ;gk¡ A × B = {(1, 3), (1, 4), (2, 3), (2, 4)}.
D;ksafd n (A×B ) = 4, blfy, A×B osQ mileqPp;ksa dh la[;k 24 gSA blfy, A ls B osQ
laca/ksa dh la[;k 24 gSA

$fVIi.kh     A ls A osQ laca/ dks ^A ij laca/* Hkh dgrs gSaA

iz'uokyh 2.2

1. eku yhft, fd A = {1, 2, 3,...,14}.R = {(x, y) : 3x – y = 0, tgk¡  x, y ∈ A} }kjk]  A
ls A dk ,d laca/ R fyf[k,A blosQ izkar] lgizkar vkSj ifjlj fyf[k,A

2. izko`Qr la[;kvksa osQ leqPp; ij R = {(x, y) : y =  x + 5, x la[;k 4 ls de] ,d izko`Qr
la[;k gS] x, y ∈N}}kjk ,d laca/ R ifjHkkf"kr dhft,A bl laca/ dks (i) jksLVj :i esa
blosQ izkar vkSj ifjlj fyf[k,A

3. A = {1, 2, 3, 5} vkSj B = {4, 6, 9}. A ls B esa ,d laca/
R = {(x, y): x vkSj y dk varj fo"ke gS] x ∈ A, y ∈ B} }kjk ifjHkkf"kr dhft,A R dks
jksLVj :i esa fyf[k,A

4. vko`Qfr 2-7] leqPp; P ls Q dk ,d
laca/ n'kkZrh gSA bl laca/ dks
(i) leqPp; fuekZ.k :i (ii) jksLVj :i esa
fyf[k,A blosQ izkar rFkk ifjlj D;k gSa\

5. eku yhft, fd A = {1, 2, 3, 4, 6}. eku
yhft, fd R,  A ij {(a, b): a , b ∈A,
la[;k a la[;k b dks ;FkkoFk foHkkftr
djrh gS}}kjk ifjHkkf"kr ,d laca/ gSA

(i) R dks jksLVj :i esa fyf[k,
(ii) R dk izkar Kkr dhft,
(iii) R dk ifjlj Kkr dhft,A

6. R = {(x, x  + 5) : x ∈ {0, 1, 2, 3, 4, 5}}}kjk ifjHkkf"kr laca/ R osQ izkar vkSj ifjlj Kkr
dhft,A

vko`Qfr 2.7
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42 xf.kr

7. laca/ R = {(x, x3) : x la[;k 10 ls de ,d vHkkT; la[;k gS} dks jksLVj :i esa fyf[k,A
8. eku yhft, fd A = {x, y, z} vkSj B = {1, 2},  A ls B osQ laca/ksa dh la[;k Kkr dhft,A
9. eku yhft, fd R, Z ij] R = {(a,b): a,  b ∈ Z, a – b ,d iw.kkZad gS}, }kjk ifjHkkf"kr ,d

laca/ gSA R osQ izkar rFkk ifjlj Kkr dhft,A

2.4 iQyu (Function)
bl vuqPNsn esa] ge ,d fo'ks"k izdkj osQ laca/ dk vè;;u djsaxs] ftls iQyu dgrs gSaA ge iQyu
dks ,d fu;e osQ :i esa ns[k ldrs gSa] ftlls oqQN fn, gq, vo;oksa ls u, vo;o mRiUu gksrs
gSaA iQyu dks lwfpr djus osQ fy, vusd in iz;qDr fd, tkrs gSa] tSls ̂ izfrfp=k* vFkok ̂ izfrfp=k.k*

ifjHkk"kk 5 ,d leqPp; A ls leqPp; B dk laca/]  f  ,d iQyu dgykrk gS] ;fn leqPp; A
osQ izR;sd vo;o dk leqPp; B esa] ,d vkSj osQoy ,d izfrfcac gksrk gSA

nwljs 'kCnksa esa] iQyu f, fdlh vfjDr leqPp; A ls ,d vfjDr leqPp; B dk gS] bl izdkj
dk laca/ fd f  dk izkar A gS rFkk f  osQ fdlh Hkh nks fHkUu Øfer ;qXeksa osQ izFke ?kVd leku
ugha gSaA

;fn f,  A ls B dk ,d iQyu gS rFkk (a, b) ∈ f, rks f (a) = b, tgk¡ b dks f  osQ varxZr
a dk izfrcEc rFkk a dks b dk ^iwoZ izfrfcac* dgrs gSaA
A ls B osQ iQyu  f  dks izrhdkRed :i esa f: A  B ls fu:fir djrs gSaA

fiNys mnkgj.kksa ij è;ku nsus ls ge ljyrk ls ns[krs gSa fd mnkgj.k 7 esa fn;k laca/ ,d
iQyu ugha gS] d;ksafd vo;o 6 dk dksbZ izfrfcac ugha gSA

iqu% mnkgj.k 8 esa fn;k laca/ ,d iQyu ugha gS D;skafd blosQ izkar osQ oqQN vo;oksa osQ ,d
ls vf/d izfrfcac gSaA mngkj.k 9 Hkh iQyu ugha gS (D;ksa\)A uhps fn, mnkgj.kksa esa cgqr ls
laca/ksa ij fopkj djsaxs] ftuesa ls oqQN iQyu gSa vkSj nwljs iQyu ugha gSaA

mnkgj.k 10 eku yhft, fd N izko`Qr la[;kvksa dk leqPp; gs vkSj N ij ifjHkkf"kr ,d laca/
R bl izdkj gS fd R = {(x, y) : y = 2x, x, y ∈ N}.

R osQ izkar] lgizkar rFkk ifjlj D;k gSa? D;k ;g laca/] ,d iQyu gS\

gy R dk izkar] izko`Qr la[;kvksa dk leqPp; N gSA bldk lgizkar Hkh N gSA bldk ifjlj le
izko`Qr la[;kvksa dk leqPp; gSA

D;ksafd izR;sd izko`Qr la[;k n dk ,d vkSj osQoy ,d gh izfrfcac gS] blfy, ;g laca/
,d iQyu gSA

mnkgj.k 11  uhps fn, laca/ksa esa ls izR;sd dk fujh{k.k dhft, vkSj izR;sd n'kk esa dkj.k lfgr
crykb, fd D;k ;g iQyu gS vFkok ugha\

(i) R = {(2,1),(3,1), (4,2)}, (ii) R = {(2,2),(2,4),(3,3), (4,4)}
(iii) R = {(1,2),(2,3),(3,4), (4,5), (5,6), (6,7)}
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gy (i) D;ksafd R osQ izkar osQ izR;sd vo;o 2] 3] 4 osQ izfrfcac vf}rh; gSa] blfy, ;g laca/
,d iQyu gSA

(ii) D;kafd ,d gh izFke vo;o 2] nks fHkUu&fHkUu izfrfcacksa 2 vkSj 4 ls lacaf/r gS]
blfy, ;g laca/ ,d iQyu ugha gSaA

(iii) D;ksafd izR;sd vo;o dk ,d vkSj osQoy ,d izfrfcac gS] blfy, ;g laca/ ,d
iQyu gSA

ifjHkk"kk 6 ,d ,sls iQyu dks ftldk ifjlj okLrfod la[;kvksa dk leqPp; ;k mldk dksbZ
mileqPp; gks] okLrfod eku iQyu dgrs gSaA ;fn okLrfod pj okys fdlh okLrfod eku
iQyu dk izkar Hkh okLrfod la[;kvksa dk leqPp; vFkok mldk dksbZ mileqPp; gks rks bls
okLrfod iQyu Hkh dgrs gSaA

mnkgj.k 12 eku yhft, fd N okLrfod la[;kvksa dk leqPp; gSA  f : N  N,
f (x) = 2x + 1, }kjk ifjHkkf"kr ,d okLrfod eku iQyu gSA bl ifjHkk"kk dk iz;ksx djosQ] uhps
nh xbZ lkj.kh dks iw.kZ dhft,A

x 1 2 3 4 5 6 7

y f (1) = ... f (2) = ... f (3) = ... f (4) = ... f (5) = ... f (6) = ... f (7) = ...

gy  iw.kZ dh gqbZ lkj.kh uhps nh xbZ gS%

x 1 2 3 4 5 6 7

y f (1) = 3 f (2) = 5 f (3) = 7 f (4) = 9 f (5) = 11 f (6) = 13 f (7) =15

2.4.1  oqQN iQyu vkSj muosQ vkys[k (Some
functions and their graphs)

(i) rRled iQyu (Identity function)  eku
yhft, R okLrfod la[;kvksa dk leqPp;
gSA y =  f(x), izR;sd x ∈ R }kjk ifjHkkf"kr
okLrfod eku iQyu f : R → R  gSA bl
izdkj osQ iQyu dks rRled iQyu dgrs
gSaA ;gk¡ ij f  osQ izkar rFkk ifjlj R gSaA
bldk vkys[k ,d ljy js[kk gksrk gS
(vko`Qfr 2-8)A ;g js[kk ewy fcanq ls
gks dj tkrh gSA vko`Qfr 2.8
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(ii) vpj iQyu (Constant function) y = f (x) = c tgk¡   c ,d vpj gS vkSj izR;sd
x ∈ R }kjk ifjHkkf"kr ,d okLrfod eku iQyu f: R → R gSA ;gk¡ ij f dk izkar R gS vkSj mldk
ifjlj {c} gSA f  dk vkys[k x-v{k osQ lekarj ,d js[kk gS] mnkgj.k osQ fy, ;fn   f(x)=3 izR;sd
x ∈ R gS] rks bldk vkys[k vko`Qfr 2-9 esa n'kkZbZ js[kk gSA

vko`Qfr 2.9

(iii) cgqin iQyu ;k cgqinh; iQyu (Polynomial function) iQyu f : R → R, ,d
cgqinh; iQyu dgykrk gS] ;fn R osQ izR;sd x osQ fy,]  y  =  f (x) = a0 + a1x  + a2x

2

+ ...+ an x
n, tgk¡ n ,d ½.ksrj iw.kkZad gS rFkk a0, a1, a2,...,an∈R.

f(x) = x3 – x2 + 2, vkSj g(x) = x4 + 2 x, }kjk ifjHkkf"kr iQyu ,d cgqinh; iQyu gS tc fd

h(x) = 
2
3x + 2x }kjk ifjHkkf"kr iQyu h, cgqinh; iQyu ugha gSA (D;ksa\)

mnkgj.k 13  y = f(x) = x2, x ∈ R }kjk iQyu f: R → R, dh ifjHkk"kk dhft,A bl ifjHkk"kk
dk iz;ksx djosQ uhps nh xbZ rkfydk dks iwjk dhft,A bl iQyu dk izkar rFkk ifjlj D;k gSa\ f
dk vkys[k Hkh [khafp,A

x – 4 –3 –2 –1 0 1 2 3 4

y = f(x) = x2

gy  iwjh dh gqbZ rkfydk uhps nh xbZ gS%
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x – 4 –3 –2 –1 0 1 2 3 4

y = f (x) = x2 16 9 4 1 0 1 4 9 16

f  dk izkar  = {x : x∈R}, f  dk ifjlj = {x2: x ∈ R}.  f dk vkys[k vko`Qfr 2-10 esa iznf'kZr
gSA

vko`Qfr 2.10
mnkgj.k 14 f (x) = x3, x∈R }kjk ifjHkkf"kr iQyu f :R → R dk vkys[k [khafp,A

gy  ;gk¡ ij
f(0) = 0, f(1) = 1, f(–1) = –1, f(2) = 8, f(–2) = –8,  f(3) = 27; f(–3) = –27, bR;kfnA

f = {(x,x3): x∈R} f dk
vkys[k vko`Qfr 2-11 esa
[khapk x;k gSA

vko`Qfr 2.11
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(iv) ifjes; iQyu (Rational functions) 
( )
( )

f x
g x

, osQ izdkj osQ iQyu tgk¡ f(x) rFkk g(x)

,d izkar esa] x ds ifjHkkf"kr cgqinh; iQyu gaS] ftlesa g(x) ≠ 0 ifjes; iQyu dgykrs gSaA

mnkgj.k 15  ,d okLrfod eku iQyu  f : R – {0} → R dh ifjHkk"kk 
1( ) =f x
x ,

x ∈ R –{0} }kjk dhft,A bl ifjHkk"kk dk iz;ksx djosQ fuEufyf[kr rkfydk dks iw.kZ dhft,A bl
iQyu dk izkar rFkk ifjlj D;k gSa\

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y  = 
1
x ... ... ... ... ... ... ... ... ...

gy  iw.kZ dh xbZ rkfydk bl izdkj gS%

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y = 
1
x – 0.5 – 0.67 –1 – 2 4 2 1 0.67  0.5

bldk izkar] 'kwU; osQ vfrfjDr leLr okLrfod la[;k,¡ gSa rFkk bldk ifjlj Hkh 'kwU; osQ vfrfjDr
leLr okLrfod la[;k,¡ gSaA f  dk vkys[k vko`Qfr 2-12 esa iznf'kZr gSA

vko`Qfr 2.12
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(v)   ekikad iQyu (Modulus functions)   f(x) =  |x| izR;sd  x ∈ R }kjk ifjHkkf"kr iQyu
f: R→R, ekikad iQyu dgykrk gSA x osQ izR;sd ½.ksÙkj eku osQ fy,  f(x),  x  osQ cjkcj gksrk
gSA ijarq x  osQ ½.k ekuksa osQ fy,,  f(x)  dk eku x, osQ eku osQ ½.k osQ cjkcj gksrk gS] vFkkZr~

0
( )

0
x,x

f x
x,x
≥⎧

= ⎨− <⎩

ekikad iQyu dk vkys[k vko`Qfr 2-13 esa fn;k gSA ekikad iQyu dks fujis{k eku iQyu Hkh
dgrs gSaA

vko`Qfr 2.13

(vi) fpÉ iQyu (Signum functions) izR;sd x ∈R] osQ fy,

1 0
( ) 0 0

1 0

  
    
    

, x
f x , x

, x

;fn

;fn

;fn

}kjk ifjHkkf"kr iQyu f:R→R fpÉ iQyu dgykrk gSA
fpÉ iQyu dk izkar R gSA ifjlj leqPp; {–1, 0, 1}gSA
vko`Qfr 2-14 esa fpÉ iQyu dk vkys[k n'kkZ;k x;k gSA

(vii) egÙke iw.kk±d iQyu (Greatest integer
functions)  f(x) = [x], x ∈R }kjk ifjHkkf"kr iQyu vko`Qfr 2.14

0 0 0  x x;fn rFkk ;fn
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f: R → R, x ls de ;k x osQ cjkcj egÙke iw.kkZad dk eku xzg.k (/kj.k) djrk gS ,slk iQyu
egÙke iw.kkZad iQyu dgykrk gSA

[x], dh ifjHkk"kk ls ge ns[k ldrs gSa fd

[x] = –1 ;fn –1 ≤ x < 0

[x] =   0 ;fn 0 ≤ x < 1

[x] =   1 ;fn 1 ≤ x < 2
[x] =   2 ;fn 2 ≤ x < 3 bR;fn

bl iQyu dk vkys[k vko`Qfr 2-15 esa n'kkZ;k x;k gSA

vko`Qfr 2.15

2.4.2  okLrfod iQyuksa dk chtxf.kr (Algebra of real functions) bl vuqPNsn esa] ge
lh[ksaxs fd fdl izdkj nks okLrfod iQyuksa dks tksM+k tkrk gS] ,d okLrfod iQyu dks nwljs esa
ls ?kVk;k tkrk gS] ,d okLrfod iQyu dks fdlh vfn'k (;gk¡ vkfn'k dk vfHkizk; okLrfod
la[;k ls gS) ls xq.kk fd;k tkrk gS] nks okLrfod iQyuksa dk xq.kk fd;k tkrk gS rFkk ,d okLrfod
iQyu dks nwljs ls Hkkx fn;k tkrk gSA

(i) nks okLrfod iQyuksa dk ;ksx  eku yhft, fd f : X → R rFkk g : X → R dksbZ nks
okLrfod iQyu gSa] tgk¡ X ⊂ R. rc ge (f + g): X → R dks] lHkh x ∈ X osQ fy,]
(f + g) (x) = f (x) + g (x), }kjk ifjHkkf"kr djrs gSaA
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(ii) ,d okLrfod iQyu esa ls nwljs dks ?kVkuk  eku yhft, fd f : X → R rFkk
g: X → R dksbZ nks okLrfod iQyu gSa] tgk¡ X ⊂ R. rc ge (f – g) : X→R dks lHkh
x ∈ X, osQ fy, (f–g) (x) = f(x) –g(x), }kjk ifjHkkf"kr djrs gSaA

(iii) ,d vfn'k ls xq.kk eku yhft, fd f : X→R ,d okLrfod eku iQyu gS rFkk α
,d vfn'k gSA ;gk¡ vfn'k ls gekjk vfHkizk; fdlh okLrfod la[;k ls gSA rc xq.kuiQy
α f , X ls R esa ,d iQyu gS] tks (α f ) (x) =  α f (x), x ∈X ls ifjHkkf"kr gksrk gSA

(iv) nks okLrfod iQyuksa dk xq.ku  nks okLrfod iQyuksa  f: X → R rFkk g: X→R dk
xq.kuiQy (;k xq.kk) ,d iQyu fg: X→R gS] tks lHkh (fg) (x) = f(x) g(x), x ∈ X }kjk
ifjHkkf"kr gSA bls fcanq'k% xq.ku Hkh dgrs gSaA

(v) nks okLrfod iQyuksa dk HkkxiQy  eku yhft, fd  f  rFkk g, X→R }kjk ifjHkkf"kr]

nks okLrfod iQyu gSa] tgk¡ X⊂R.  f  dk g ls HkkxiQy] ftls 
f
g  ls fu:fir djrs gSa] ,d iQyu

gS] tks lHkh x ∈ X  tgk¡ g(x)≠ 0, osQ fy,] 
( )( )
( )

f f xx
g g x

⎛ ⎞
=⎜ ⎟

⎝ ⎠
, }kjk ifjHkkf"kr gSA

mnkgj.k 16  eku yhft, fd f(x) = x
2 
rFkk g(x) = 2x + 1 nks okLrfod iQyu gSaA

(f + g) (x), (f –g) (x), (fg) (x), ( )f x
g

⎛ ⎞
⎜ ⎟
⎝ ⎠

 Kkr dhft,A

gy  Li"Vr%
(f + g) (x) = x

2
 + 2x + 1, (f –g) (x) =  x

2
 – 2x – 1,

(fg) (x) = x
2
 (2x + 1) = 2x

3
 + x

2
,  ( )f x

g
⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
2

2 1
x
x +

, x  ≠ 1
2

−

mnkgj.k 17 eku yhft, fd  f(x) = x  rFkk  g(x) = x ½.ksÙkj okLrfod la[;kvksa osQ fy,

ifjHkkf"kr nks iQyu gSa] rks (f + g) (x), (f – g) (x) (fg) (x) vkSj 
f
g

⎛ ⎞
⎜ ⎟
⎝ ⎠

 (x) Kkr dhft,A

gy  ;gk¡ gesa fuEufyf[kr ifj.kke feyrs gSa%

(f + g) (x) =  x + x, (f – g) (x)  = x   – x ,

(fg) x  =  
3
2x( x ) x=  vkSj ( )f x

g
⎛ ⎞
⎜ ⎟
⎝ ⎠  

1
2 0

–x x , x
x

= = ≠
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iz'ukoyh 2.3

1. fuEufyf[kr laca/ksa esa dkSu ls iQyu gSa\ dkj.k dk mYys[k dhft,A ;fn laca/ ,d iQyu
gS] rks mldk ifjlj fu/kZfjr dhft,%
(i) {(2,1), (5,1), (8,1), (11,1), (14,1), (17,1)}
(ii) {(2,1), (4,2), (6,3), (8,4), (10,5), (12,6), (14,7)}
(iii) {(1,3), (1,5), (2,5)}.

2. fuEufyf[kr okLrfod iQyuksa osQ izkar rFkk ifjlj Kkr dhft,%

(i) f(x) = – x (ii) f(x) = 29 x− .

3. ,d iQyu  f(x) = 2x –5 }kjk ifjHkkf"kr gSA fuEufyf[kr osQ eku fyf[k,%
(i) f (0), (ii)  f (7), (iii)  f (–3).

4. iQyu ‘t’ lsfYl;l rkieku dk iQkjsugkbV rkieku esa izfrfp=k.k djrk gS] tks

 t(C) = 
9C
5

  + 32 }kjk ifjHkkf"kr gSa fuEufyf[kr dks Kkr dhft,%

(i) t (0)   (ii)   t (28)   (iii)   t (–10)   (iv)   C dk eku] tc t (C) = 212.
5. fuEufyf[kr esa ls izR;sd iQyu dk ifjlj Kkr dhft,%

(i) f (x) = 2 – 3x, x ∈ R, x > 0.
(ii) f (x) = x2 + 2, x ,d okLrfod la[;k gSA
(iii) f (x) = x,  x ,d okLrfod la[;k gSA

fofo/ mnkgj.k

mnkgj.k 18  eku yhft, fd R okLrfod la[;kvksa dk leqPp; gSA ,d okLrfod iQyu
f: R→R dks  f(x) = x + 10
}kjk ifjHkkf"kr dhft, vksj bl iQyu dk vkys[k [khafp,A

gy  ;gk¡] ge ns[krs gSa fd f(0) = 10, f(1) = 11,
f(2) = 12, ..., f(10) = 20, vkfn vkSj  f(–1) = 9,
f(–2) = 8, ..., f(–10) = 0, bR;kfnA

vr% fn, gq, iQyu osQ vkys[k dk vkdkj vko`Qfr 2-16
esa n'kkZ, x, :i dk gksxkA

$fVIi.kh     f(x) = mx + c , x ∈ R, ,d jSf[kd
iQyu dgykrk gS] tgk¡ m ,oa c vpj gSaA mijksDr iQyu
jSf[kd iQyu dk ,d mnkgj.k gSA vko`Qfr 2.16
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mnkgj.k 19 eku yhft, fd R, Q ls Q esa R = {(a,b): a,b ∈ Q rFkk a – b ∈ Z}. }kjk
ifjHkkf"kr] ,d laca/ gSA fl¼ dhft, fd

(i) (a,a) ∈ R lHkh a ∈ Q osQ fy,
(ii) (a,b) ∈ R dk rkRi;Z gS fd (b, a) ∈ R
(iii) (a,b) ∈ R vkSj (b,c) ∈ R dk rkRi;Z gS fd (a,c) ∈R

gy (i) D;ksafd a – a = 0 ∈ Z, ftlls fu"d"kZ fudyrk gS fd (a, a) ∈ R.
(ii) (a,b) ∈ R dk r k Ri; Z  g S  fd a – b ∈ Z. bl fy, , b – a ∈ Z.

vr%, (b, a) ∈ R
(iii) (a, b) rFkk (b, c)  ∈ R rkRi;Z gS fd a – b ∈ Z. b – c ∈ Z.  blfy,,

a – c = (a – b) + (b – c) ∈ Z. vr%, (a,c) ∈ R

mnkgj.k 20  ;fn  f = {(1,1), (2,3), (0, –1), (–1, –3)}, Z  ls Z.esa ,d ^jSf[kd iQyu gS] rks
f(x) Kkr dhft,A

gy  D;ksafd f ,d jSf[kd iQyu gS] blfy,  f (x) = mx + c. iqu% D;ksafd (1, 1), (0, – 1) ∈ R
gSA blfy,] f (1) = m + c = 1 rFkk  f (0) = c = –1. blls gesa m = 2 feyrk gS vkSj bl izdkj
f(x) = 2x – 1.

mnkgj.k 21 iQyu 
2

2
3 5( ) =
5 4

x xf x
x – x

+ +
+

 dk izkar Kkr dhft,A

gy  D;ksafd x
2
 –5x + 4 = (x – 4) (x –1), blfy, iQyu f, x = 4 vkSj x = 1 osQ vfrfjDr vU;

lHkh okLrfod la[;kvksa osQ fy, ifjHkkf"kr gSA vr% f  dk izkar R – {1, 4} gSA

mnkgj.k 22  iQyu  f ,

f (x) = 

1 0
1 0

1 0

x, x
, x

x , x

− <⎧
⎪ =⎨
⎪ + >⎩

}kjk ifjHkkf"kr gSA  f (x)  dk vkys[k [khafp,A

gy  ;gk¡ f(x) = 1 – x, x < 0,  ls
f(– 4) = 1 – (– 4) = 5;
f(– 3) = 1 – (– 3) = 4,
f(– 2) = 1 – (– 2) = 3
f(–1) = 1 – (–1)  = 2; bR;kfn
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vkSj f(1) = 2, f (2) = 3, f (3) = 4
f(4) = 5 bR;kfn] D;ksafd  f(x) = x + 1, x > 0.

vr% f  dk vkys[k vko`Qfr 2-17 esa n'kkZ, :i
dk gksxkA

vè;k; 2 ij fofo/ iz'ukoyh

1.  laca/  f , 
2 0 3( ) =

3 3 10
x , xf x
x, x

⎧ ≤ ≤⎪
⎨

≤ ≤⎪⎩
  }kjk ifjHkkf"kr gSA

laca/ g, 
2 , 0 2( )

3 , 2 10
x xg x
x x

⎧ ≤ ≤⎪=⎨
≤ ≤⎪⎩

  }kjk ifjHkkf"kr gSA

n'kkZb, fd D;ksa f  ,d iQyu gS vkSj g  iQyu ugha gSA

2.  ;fn  f (x) = x
2
,  rks 

(1 1) (1)
(1 1 1)

f . – f
. –

  Kkr dhft,A

3.  iQyu  f (x) 
2

2
2 1

8 12
x x

x – x
+ +

=
+

 dk izkar Kkr dhft,A

4.  f (x)  = ( 1)x −  }kjk ifjHkkf"kr okLrfod iQyu f dk izkar rFkk ifjlj Kkr dhft,A

5. f (x) = 1x –  }kjk ifjHkkf"kr okLrfod iQyu f dk izkar rFkk ifjlj Kkr dhft,A

6. eku yhft, fd 
2

2, ,:
1

xf x x
x

⎧ ⎫⎛ ⎞⎪ ⎪= ∈⎨⎜ ⎟ ⎬
+⎪ ⎪⎝ ⎠⎩ ⎭

R R ls R esa ,d iQyu gSA f dk ifjlj

fu/kZfjr dhft,A

vko`Qfr 2.17
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7. eku yhft, fd   f, g : R→R Øe'k%  f(x) = x + 1, g(x) = 2x – 3. }kjk ifjHkkf"kr gSA

f  + g, f – g vkSj 
f
g  Kkr dhft,A

8. eku yhft, fd  f = {(1,1), (2,3), (0,–1), (–1, –3)} Z ls Z esa] f(x) = ax + b, }kjk
ifjHkkf"kr ,d iQyu gS] tgk¡  a, b. dksbZ iw.kkZad gSaA  a, b dks fu/kZfjr dhft,A

9. R = {(a, b) : a, b ∈N rFkk a = b
2
} }kjk ifjHkkf"kr N ls N esa] ,d laca/ R  gSA D;k

fuEufyf[kr dFku lR; gSa\
(i) (a,a) ∈ R, lHkh  a ∈ N, (ii) (a,b) ∈ R, dk rkRi;Z gS fd (b,a) ∈ R

(iii) (a,b) ∈ R, (b,c) ∈ R  dk rkRi;Z gS fd (a,c) ∈ R?

izR;sd n'kk esa vius mÙkj dk vkSfpR; Hkh crykb,A

10. eku yhft, fd  A ={1,2,3,4}, B = {1,5,9,11,15,16} vkSj  f = {(1,5), (2,9), (3,1), (4,5),
(2,11)}. D;k fuEufyf[kr dFku lR; gSa\

(i) f , A ls B esa ,d laca/ gSA (ii) f , A ls B esa ,d iQyu gSA

izR;sd n'kk esa vius mÙkj dk vkSfpR; crykb,A
11. eku yhft, fd f , f = {(ab, a + b) : a, b ∈ Z} }kjk ifjHkkf"kr Z × Z dk ,d mileqPp;

gSA D;k f, Z ls Z esa ,d iQyu gS\ vius mÙkj dk vkSfpR; Hkh Li"V dhft,A
12. eku yhft, fd A = {9,10,11,12,13}rFkk f : A→N, f (n) = n dk egÙke vHkkT; xq.kd

}kjk] ifjHkkf"kr gSA f dk ifjlj Kkr dhft,A

lkjka'k

bl vè;k; esa geusa laca/ rFkk iQyu dk vè;;u fd;k gSA bl vè;k; dh eq[; ckrksa
dks uhps fn;k tk jgk gSA

� Øfer ;qXe  fdlh fo'ks"k Øe esa lewfgr vo;oksa dk ,d ;qXeA

� dkrhZ; xq.ku  leqPp;ksa A rFkk B dk dkrhZ; xq.ku] leqPp;

A × B  =  {(a,b): a ∈ A, b ∈ B} gksrk gSA fo'ks"k :i ls

R × R = {(x, y): x, y ∈ R} vkSj R × R × R = (x, y, z): x, y, z ∈ R}

� ;fn  (a, b) = (x, y), rks a = x rFkk b = y.

� ;fn  n(A) = p rFkk n(B) = q, rks n(A × B) = pq.

� A × φ = φ
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54 xf.kr

� lkekU;r% A × B ≠ B × A.

� laca/  leqPp; A ls leqPp; B esa laca/  R, dkrhZ; xq.ku A × B dk ,d mileqPp;
gksrk gS] ftls A × B osQ Øfer ;qXeksa osQ izFke ?kVd x rFkk f}rh; ?kVd y osQ chp
fdlh laca/ dks of.kZr djosQ izkIr fd;k tkrk gSA

�  fdlh vo;o x  dk] laca/ R osQ varxZr] izfrfcac y gksrk gS] tgk¡ (x, y) ∈ R,

�  laca/ R  osQ Øfer ;qXeksa osQ izFke ?kVdksa dk leqPp;] laca/ R dk izkar gksrk gSA

� laca/ R  osQ Øfer ;qXeksa osQ f}rh; ?kVdksa dk leqPp;] laca/ R dk ifjlj gksrk gSA

� iQyu leqPp; A ls leqPp; B esa iQyu f  ,d fof'k"V izdkj dk laca/ gksrk gS] ftlesa
leqPp; A osQ izR;sd vo;o x dk leqPp; B esa ,d vkSj osQoy ,d izfrfcac y gksrk
gS bl ckr dks ge f: A→B tgk¡   f(x) = y fy[krs gSaA A

� A iQyu f  dk izkar rFkk B mldk lgizkar gksrk gSA

� iQyu f  dk ifjlj] f  osQ izfrfcacksa dk leqPp; gksrk gSA

� fdlh okLrfod iQyu osQ izkar rFkk ifjlj nksuksa gh okLrfod la[;kvksa dk leqPp;
vFkok mldk ,d mileqPp; gksrk gS%

� iQyuksa dk chtxf.kr  iQyu f : X  → R rFkk g : X → R, osQ fy, ge fuEufyf[kr
ifjHkk"kk,¡ nsrs gSaA

(f + g) (x) = f(x) + g(x), x ∈ X
(f – g) (x) = f (x) – g(x), x ∈ X
 (f.g) (x) = f (x) .g (x), x ∈ X, k dksbZ vpj gSA

(kf) (x) = k f (x), x ∈ X

( )f x
g  = 

( )
( )

f x
g x , x ∈ X, g(x) ≠ 0

,sfrgkfld i`"BHkwfe

iQyu 'kCn loZizFke Gottfried Wilhelm Leibnitz (1646&1716 bZú) }kjk lu~ 1673 esa
fyf[kr ySfVu ik.Mqfyfi "Methodus tangentium inversa, seu de fuctionibus" esa
ifjyf{kr gqvk gSA Leibnitz us bl 'kCn dk iz;ksx vfo'ys"k.kkRed Hkko esa fd;k gSA mUgksaus
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iQyu dks ^xf.krh; dk;Z* rFkk ^deZpkjh* osQ inksa }kjk mRiÂ ek=k ,d oØ osQ :i esa
vf/dfYir fd;k gSA
tqykbZ 5] lu~ 1698 esa John Bernoulli usa Leibnitz dks fy[ks ,d iz=k esa igyh ckj
lqfopkfjr :i ls iQyu 'kCn dk fo'ys"k.kkRed Hkko esa fof'k"V iz;ksx fu/kZfjr fd;k gSA mlh
ekg esa Leibnitz us viuh lgefr n'kkZrs gq, mÙkj Hkh ns fn;k FkkA

vaxzs”kh Hkk"kk esa iQyu (Function) 'kCn lu~ 1779 osQ Chamber's Cyclopaedia
esa ik;k tkrk gSA chtxf.kr esa iQyu 'kCn dk iz;ksx pj jkf'k;ksa vkSj la[;kvksa vFkok fLFkj
jkf'k;ksa }kjk la;qDr :i ls cus fo'ys"k.kkRed O;atdks osQ fy, fd;k x;k gSA

— —
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